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DISCRETE SERIES WHITTAKER FUNCTIONS OF $SU(N, 1)$
( $\mathrm{K}\mathrm{e}\mathfrak{n}\mathrm{j}\mathrm{l}$ TANIGUCHI)
$0$ .
$G$ Lie $G=KAN$ $\eta$ : $Narrow \mathbb{C}^{\mathrm{x}}$ $N$
$C^{\infty}(G/N;\eta):=\{\phi$ : $G^{C}arrow \mathbb{C}\infty$ ; $\phi.(gn)=\eta(n)-1\phi(g)$ $(g\in G, n\in N)\}$
$G$ $(\pi, W)$ $G$
$(\pi, W)$ $C^{\infty}(G/N;\eta)$ $(\pi, W)$ Whittaker model
Whittaker model $(\pi, W)$ $C^{\infty}(G/N;\eta)$ intertwining
operator $\iota$




$\mathrm{g}$ : $G$ Lie $\emptyset \mathbb{C}$ : $\mathrm{g}$ $\mathrm{g}^{*};$ $\mathrm{g}$
$B(, )$ : $9\mathbb{C}$ Killing
$G=KAN,$ $\mathrm{g}=^{\mathrm{g}}+\alpha+\mathfrak{n}$ : $M=Z_{K}(a)$
$\theta$ : $\mathrm{g}$ Cartan involution $\mathrm{o}\mathrm{g}_{\mathbb{C}}$
$\mathrm{g}=\mathrm{f}+\mathfrak{p}$ : Cartan
$\mathrm{t}\subset t$ : Cartan
$\Delta=\Sigma(\mathrm{t}_{\mathbb{C},\mathrm{g}_{\mathbb{C}})}$ :
$\mathrm{g}_{\mathbb{C}}^{\alpha}$ : $\alpha\in\triangle$
$\triangle_{\mathrm{C}}=$ { $\alpha\in\Delta$ ; $\subset \mathrm{e}_{\mathbb{C}}$ } :
$\triangle_{n}=\triangle-\triangle_{C}$ :
$\triangle_{c}^{+}\subset\triangle^{+}$ : $\Delta_{c},$ $\Delta$ positive systems $0$





$( , )$ :Killing ,
$(, )$ : coupling $0$
$E_{ij}$ : $(i,j)$- 1 $0$
2. $\mathrm{W}\mathrm{h}$.Ittaker model
$\Lambda\in$
(1) $(\Lambda, \alpha)\neq 0$ for any $\alpha\in\triangle$
(2) $\Lambda+\rho[]\mathrm{h}$ K-integral
\cup --+c $:=$ { $\Lambda\in---;(\Lambda,$ $\alpha)>0$ for $\mathrm{v}_{\alpha}\in\triangle_{c}^{+}$ }
$G$ parametrize A $\in---c+$ $G$ Hairish-
Chandra $\pi_{\Lambda}$
$\triangle_{i}^{+}(i=1, \ldots, l)$ \Delta : $\Delta$ positive systems
$—i=$ { $\Lambda\in---;(\Lambda,$ $\alpha)>0$ for any $\alpha\in\Delta_{i}^{+}$ }
$-c$






&f $\text{ }\ _{\text{ }}\lambda$ es $\pi_{\Lambda}\text{ }$ minimal $K$-type $\text{ }$ highest weight ec
$\lambda$
$\pi_{\Lambda}\text{ }$ Blattner $-$
$\eta$
$N$ $|$) $K$ $(\tau, V)$
$C_{r}\infty(K\backslash G/N;\eta)$
$=\{f:G^{C}-\mathbb{C};f(kgn)\infty=\eta(n)^{-}1\mathcal{T}(k)f(g)(k\in K,g\in G, n\in N)\}$
$K$ $\mathfrak{p}_{\mathbb{C}}$ $K$ (Ad, $\mathfrak{p}_{\mathbb{C}}$ ) $\{X_{i}\}$
$\mathfrak{p}$ Killing
$\nabla_{\tau,\eta}\phi(g)=\sum_{i}L\mathrm{x}_{:}\emptyset(g)\otimes Xi$ $(\phi\in c_{r}^{\infty}(K\backslash c/_{r}N;\eta))$
( $Lx_{:} \phi(g)=\frac{d}{dt}\emptyset(\exp(-txi)g)|_{t0}=(g\in G)$ )
$C_{r}\infty(K\backslash G/N;\eta)$ $C_{r\otimes \mathrm{A}\mathrm{d}}\infty(K\backslash G/N;\eta)$ $K$
103
$(\tau_{\mu}, V_{\mu})$ highest weight $\mu$ $K$ $\lambda$ $G$
Blattner $\Lambda\in---$ :
$(\tau_{\lambda}, V_{\lambda})\otimes(\mathrm{A}\mathrm{d}, \mathfrak{p}_{\mathrm{c}})\simeq(\mathcal{T}^{+}, V^{+}\lambda\lambda)\oplus(_{\mathcal{T}_{\lambda^{-}}}, V\lambda^{-})$
$(\tau_{\lambda}^{\pm}, V_{\lambda}^{\pm})=$ $\oplus m(\alpha)(\mathcal{T}_{\lambda\pm}\alpha’ V\lambda\pm\alpha)$ $(m(\alpha)=0,1)$
\alpha \in \Delta
$P:(\tau_{\lambda}, V\lambda)\otimes(\mathrm{A}\mathrm{d},\mathfrak{p}_{\mathbb{C}})arrow(\tau_{\lambda}^{-}, V)\lambda^{-}$
( $\tau_{\lambda^{-}},$ $V_{\lambda}^{-)}$ projection operator $P$










$\mathrm{H}_{\mathrm{o}\mathrm{m}_{()}}K(\mathfrak{g}_{\mathbb{C}},, c\pi_{\Lambda}^{*\infty}(c/N;\eta))\ni\iota\Leftrightarrow F^{\iota}\in \mathrm{K}\mathrm{e}\mathrm{r}D_{\tau_{\lambda},\eta}$
$\pi_{\Lambda}^{*}$ aminimal $K$-type vector $v^{*}$
$\iota(v^{*})(g)=\{v*,$ $F\iota(g))$ $(g\in G)$
$G=SU(n, 1)$ minimal $K$-tyPe Whittalcer
$\mathbb{R}$-rank1
$G$ $\mathbb{R}$-rank1 $a^{*}$ $f\in \mathfrak{a}^{*}$ $\Sigma^{+}=$
$\Sigma^{+}(a_{\emptyset},)=\{f\}$ $\{f, 2f\}$ $N$ $\hat{N}$ $\sqrt{-\mathrm{l}}\mathrm{g}_{f}^{*}$




$\mathbb{R}$-rank $G=1$ $G$ $SL(2, \mathbb{R})$ $0\neq X\in 9f$
\tau $9f^{-}\{0\}=\mathrm{A}\mathrm{d}(M)\mathbb{R}>0x$
$M$ $\hat{N}$ $\eta\mapsto\eta^{m}(m\in M)$ \eta m(n) $=\eta(m^{-1}nm)(n\in N)$
$G$ $\mathbb{R}$-rank one $SL(2, \mathbb{R})$
(1) $N$ 2 $\eta_{1},$ $\eta_{2}$ $m\in M$











$G=SU(n, 1)=\{g\in SL(n+1, \mathbb{C});^{t}\overline{g}I_{n,1}g=I_{n,1}\}$
$SU(n, 1)$ $\mathrm{g}$ $K$
$\mathrm{g}=\epsilon \mathrm{u}(n, 1)=\{X\in s1(n+1, \mathbb{C});’ t_{\overline{X}I_{n,1}}+I_{n,1}X--\mathrm{o}\}$
$K=G\cap U(n+1)=\{$ ; $k\in U(n)\}\simeq U(n)$
$\mathrm{g}$ Cartan $\mathrm{t}$




$\triangle=\{e:-e_{j}; 1\leq i\neq j\leq n+1\}$
$\Delta_{c}=\{e_{i}-e_{j}; 1\leq i\neq j\leq n\}$
$\triangle_{\mathrm{c}}^{+}=\mathrm{t}e*\cdot-e_{j;}1\leq i<j\leq n\}$




$\Delta_{k}^{+}\Leftrightarrow\Pi k=\{e!-e_{2}, \ldots, ek-1-e_{n}+1, en+1-e_{k}, \ldots, en-1^{-e_{n}}\}$
$\triangle_{n+1}^{+}\Leftrightarrow\Pi_{n+1}=\{e_{1}-e2, \ldots, e_{n}-1^{-}en’ n-en+1\}$$e$
$\sum_{i=1}^{n+}e_{i}1$ $0$ $e_{n+1}$ $-. \sum_{*=.1}^{n}e_{i}$
.
$\mathrm{t}_{\mathbb{C}}^{*}=.\cdot\sum_{*=1}n\mathbb{C}e_{i}$ –







$(\mathrm{A}\mathrm{d}, \mathfrak{p}_{\mathbb{C}})\simeq(\tau 2e\iota+\mathrm{e}_{2}+\cdots+\mathrm{e}n’ V2\mathrm{e}1+e2+\cdots+\mathrm{e}_{\hslash})\oplus(\tau-e1-\cdots-en-1-2e_{n}’ V_{-e}\ldots-e_{n}1^{-}-1-2e_{n})$
$K$ highest weight $\lambda=\ovalbox{\tt\small REJECT}\lambda:e_{i}$
$i=1$
$(\tau_{\lambda}, V_{\lambda})\otimes(\mathrm{A}\mathrm{d}, \mathfrak{p}\mathbb{C})\simeq\oplus(\tau V+,+)\text{ }k\oplus\oplus(\tau-, V^{-})i=1ni=1nk\text{ }$
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$(\tau_{\text{ }}V_{k}\pm,\pm)=(\tau\lambda\pm e’\lambda\prime kV\pm e_{k}’)$ $(e_{k}’:= \sum e_{i}+e_{k}):=1n$
– $\{\frac{E_{:,+1}n+E_{n+1},:}{2\sqrt{n+1}},$ $\sqrt{-1}\frac{E:,n+1^{-E}n+1,:}{2\sqrt{n+1}}(1\leq i\leq n)\}$ $\mathfrak{p}$
$\nabla_{\tau_{\text{ }},\eta}$
$H=E_{n,n+1}+E_{n+1,n}$ $\mathbb{R}H=\alpha$ $\mathfrak{p}$ $f\in a^{*}$
$f(H)=1$ $\Sigma(\alpha, \mathrm{g})=\{\pm f, \pm 2f\}$ $\Sigma^{+}(\mathrm{Q}, 9)=\{f, 2f\}$
$\mathrm{g}_{f}$
$X_{i}=E_{i}n-Ei,n+1^{-}Eni-En+1,i$ $(1 \leq i\leq n-1)$




$(**)$ $\eta(\exp(_{i=1}^{n}\sum^{-}(X_{*}x_{i}1.\mathrm{Y}_{*}+yi.)+wW))=e^{\sqrt{-1}y_{n-1}\xi}$ $(x:, y:, w\in \mathbb{R}, \xi\in \mathbb{R}_{>0})$
$A$
$\mathbb{R}_{>0}\ni a\mapsto\exp((\log a)H)\in A$
$K\simeq U(n)$ highest weight $\mu=\sum_{i=1}\mu ine_{*}(\mu:\in \mathbb{Z}, \mu_{i}\geq\mu_{*}+1)$ $K$
$(\tau_{\mu}, V_{\mu})$ Gel’fand-Zetlin $GZ(\mu)=\{Q\}$
$\mathrm{u}(n)$ $\mathrm{g}\text{ }(n, \mathrm{c})$ Gel’fand-Zetlin















$b_{i,j}(Q)=/|. \frac{\prod_{k=1}(q_{\text{ }},j+1^{-}qi,j-k+i+1)k1\prod_{=},(q\text{ },j-1-q_{i,j}-k+i)}{k-!\prod_{k\overline{\neq}}^{j},.(qk,j-q*,j-k+i)\prod(qkj-q:,j-k+k1k\overline{\overline{\neq}}:ji+1)}$
$\sigma_{ij}$ : $Q$ $qi,j$ $qi,j+1$ $q_{k},\iota$
$\tau:j$ : $Q$ $q:,j$ $q_{i,j}-1$ $qk,l$
$E_{\text{ },l}$ $E_{k,l}$ $E_{i,i+1}$ $E_{:+1,:}$
$\phi\in C_{\tau \mathrm{x}}\infty(K\backslash G/N;\eta)$
$\phi(g)=\sum_{Q\epsilon cZ(\lambda)}C(Q;g)Q$
$\phi(g)\in \mathrm{K}\mathrm{e}\mathrm{r}D_{\tau_{\lambda},\eta}$ $\phi|_{A}\in \mathrm{K}\mathrm{e}\mathrm{r}R(D_{r_{\lambda,\eta}})$
$V_{\lambda}\otimes \mathrm{A}\mathrm{d}$ $V_{\text{ }^{}\pm}$ $P_{\text{ }^{}\pm}$ $V_{\lambda}$ highest weight $\tilde{\lambda}=$





$(\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}$ . $GZ(\lambda)\ni Q\mapsto\hat{Q}=\in GZ(\hat{\lambda}))$
$V_{k}^{\pm}(1\leq k\leq n)$ highest weight $\lambda:=\tilde{\lambda}+\sum_{i1}^{n}\approx=+1e_{i}$ $\hat{\lambda}=\hat{\lambda}-.\sum_{1=}^{n+1}\wedge 1e_{i}$
$U(n+1)$ $V_{\lambda}\approx$ $V_{\hat{\lambda}}^{\wedge}$
$\iota_{\text{ }^{}+}$ : $GZ(\lambda+e_{\text{ }^{}\prime})\ni P\mapsto\in GZ(\lambda)\approx$ $(1 \leq k\leq n)$ ,







$\hat{\tau}_{k,n}$ : $GZ(\hat{\lambda})\ni\hat{Q}=(q_{i,j})\mapsto\hat{\tau}_{\text{ },n}\hat{Q}=(\hat{q}i,j)\in GZ(\hat{\lambda})\wedge$
$\hat{q}_{\dot{*}},j=q:,j-1$ $((i,j)\neq(k, n))$
$\hat{q}_{k,n}=q_{\text{ }},n-2$ .
[$\mathrm{K}\mathrm{r}|$ , $\iota_{k^{\circ P}k^{\pm}}^{\pm}$ (




$P_{\text{ }^{}-}(Q\otimes E_{n}+1,n)=b_{k},n(\hat{Q})\hat{\tau}\text{ _{}n},\hat{Q}$.
$\mathfrak{p}_{\mathbb{C}}$ ( ) $c(Q;a)$
$1\leq k\leq n$
$P_{k}^{+}(R(\nabla_{\tau\eta}\lambda,)\phi(a))=0$
$\Leftrightarrow$ $\sum$ $a_{\text{ },n}( \tilde{Q})(a\frac{d}{da}+.\sum_{1=1}\lambda_{i}-2\lambda \text{ }-\sum_{=i1}^{n-}q:,nn1--1+2k2\mathrm{I}c(Q;a)\tilde{\sigma}_{k,n}\tilde{Q}$
$Q\in GZ(\lambda)$
$a_{k,n}(\tilde{Q})a_{j,n-1}(\tau_{j,1}n-\tilde{Q})$





$\Leftrightarrow Q\in^{cz}(\sum_{)\lambda}bk,n(\hat{Q})(a\frac{d}{da}-.\sum_{1=1}^{n}\lambda\dot{*}+2\lambda \text{ }+n.-\sum_{1=1}^{1}q_{\dot{\iota},n}-1+2n-2k)C(Q;a)\hat{\tau}_{k,n}\hat{Q}$





$q\iota,n-1=\lambda_{l}$ $Q$ $\text{ }(Q;a)=0$
$q\iota-1,n-2>\lambda_{l}$ $Q$





$\Lambda\in---1\cup---n+1$ ( $\phi=0$ )
$Q$ $q_{k,n-1}$
$N$
$\eta$ $(**)$ $\Lambda\in--.\text{ }(2\leq k\leq n)$ $\phi\in \mathrm{K}\mathrm{e}\mathrm{r}D_{\tau_{\lambda},\eta}$
$q1,n-1=q_{1},n-2,$ $\ldots$ , q -2,n-1 $=qk-2,n-2$
q -l,n-l $=\lambda_{\text{ }-1}$
$q_{k-1,n-}2=qk,n-1,$ $\ldots,$ $qn-2,n-2=q_{n-1,1}n-$
$Q$ $c(Q; a)(a\in A)$
$Q$ (Q; $a$ )
$\{(a\frac{d}{da}+A-qk-1,n-1+2k-2)$
$\cross(a\frac{d}{da}+A+q\text{ }-1,n-1+2n-2k+2)-\frac{\xi^{2}}{a^{2}}\}c(Q;a)=0$
( $A= \sum_{i=1}^{\text{ _{}-1}}\lambda_{i}-\sum_{i=k}\lambda*-\sum_{=i1}q:n.k-2,n-1+\sum_{i=k}^{n-}q*,n-1$)
$1$
.




( $[\mathrm{W}- \mathrm{W}|$ ) $c(Q; a)$ .
Whittaker model Bernstein
degree ([M] ) Chang $\mathbb{R}$-rank one -
characteristic cycyle ( $[\mathrm{C}|$ )
(1) $N$ $\zeta$ A $\in--1-$ A $\in--n+1-$
$\mathrm{H}\mathrm{o}\mathrm{m}_{(K)}\mathfrak{g}_{\mathbb{C}},(\pi_{\Lambda}, C^{\infty}*(G/N;\zeta))=\{0\}$
(2) $N$ $\zeta$ $\Lambda\in--\text{ }-(k=2,3, \ldots, n)$
$\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{H}_{\mathrm{o}\mathrm{m}_{(}},(\mathfrak{g}\mathrm{c}^{K)}(\pi_{\Lambda}, c*\infty G/N;\zeta))$
$=2.. \sum_{\lambda_{n}\lambda_{k}\geq\mu_{k}-1\geq\lambda_{k}\geq+1\overline{\geq}\lambda_{n}-1\overline{\geq}\mu n-2\overline{\geq}^{1}}.\dim Vn-2(\mu_{1}\lambda\geq 1\mu 1\geq\lambda 2\geq\cdot\cdot\geq \mathrm{x}_{k}\geq 2\mu k2\geq\lambda_{k}’\ldots, \mu n-2)$
-2 $($ \mu 1, . . . , $\mu_{n-2})$ highest weight $(\mu_{1}. ’\ldots.’\mu_{n-2})$
$U(n-2)$
(3) $N$ $\eta$ $(**)$ A $\in---k(2\leq k\leq n)$
.
$\phi\in \mathrm{K}\mathrm{e}\mathrm{r}D\tau\lambda,\eta$
$q_{1,n-1}=q1,n-2,$ $\ldots,$ $q_{k}-2,n-1$ =q -2,n-2
$q_{k-1,n-}1=\lambda_{k1}-$
q -l,n-2 $=q_{k,n-1},$ $\ldots,$ $q_{n-2},n-2=q_{n-}1,n-1$
$Q$ $c(Q; a)(a\in A)$




$c_{1}(Q),$ $C_{2}(Q)$ $W_{\alpha},\rho(t),$ $M\alpha,\rho(t)$ Whittaker
4. obse $r\mathrm{V}\mathrm{a}\mathrm{t}\mathrm{I}\circ \mathfrak{n}$
Chang $([\mathrm{C}])$ Matumoto $([\mathrm{M}|)$
$Z_{M}(\eta)$ $M$ $\eta$ centralizer $G=SU(n, 1)$ $\eta$
$Z_{M}(\eta)$ (modulo center ) $U(n-2)$ $Z_{M}(\eta)$
$\mathrm{K}\mathrm{e}\mathrm{r}D\tau_{\lambda},\eta$ (2. ) $\text{ }\mathrm{K}\mathrm{e}\mathrm{r}D_{\tau_{\lambda},\eta}$





$\mathrm{t}e_{1}-e_{2,\ldots,\text{ }-2}e-e_{\text{ }1}-,$ $e_{k}-ek+1,$ $\ldots,$ $e_{n}-1^{-}en\}$
$\mathrm{K}\mathrm{e}\mathrm{r}\mathcal{D}_{\tau_{\lambda},\eta}$
$Z_{M}(\eta)$- highest weight $(\mu_{1}, \ldots,\mu_{n-2})$
$e_{1}$ $e_{2}$ $e_{k-2}$ $e_{k-1}$
$0$ $-$ $0$ $-$ . . . $-$ $0$ $-$ $0$ $-$
$\lambda_{1}$ $\lambda_{2}$ $\lambda_{k-2}$ $\lambda_{\text{ }-1}$
$rightarrow$ $rightarrow$ $rightarrow$ $rightarrow$
$\mu_{1}$ $\mu_{2}$ . . . $\mu_{k-3}$ $\mu_{k-2}$
$e_{n+1}\bullet$ $e_{k}\mathrm{o}$ $e_{k+1}\mathrm{o}$ $e_{n_{\mathrm{O}}-1}$
$e_{n}\mathrm{o}$
$\lambda_{k}$ $\lambda_{\text{ }+1}$ $\lambda_{n-1}$ $\lambda_{n}$
$rightarrow$ $rightarrow$ $rightarrow$ $rightarrow$
:
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